Abstract. The equation of state of a mixture of hard spheres is calculated using the one-and two-fluid van der Waals theories and the three-fluid theory. The one-fluid theory is found to be in the best agreement with the machinesimulation results.
In the course of writing a review article1 on the theory of liquid mixtures, we found that there has been virtually no systematic examinations of the many theories of mixtures that have been proposed. This has been because until recently the results of a theory could only be compared with experimental results; unfortunately, for these experimental systems, the interaction between the unlike molecules is not well known. As a result, in comparison with experiment the depth, E12, of the interaction between unlike molecules is taken to be an adjustable parameter. The excess thermodynamic properties are extremely sensitive to small changes in 812; hence, a number of the current theories of mixtures all fit experimental data with about equal success and with values of 812 that are both reasonable and very similar.
Fortunately, recent quasi-experimental simulation studies on computers2-7 have provided data that can be used in a systematic study of the theory of liquid mixtures. In earlier papers8'9 we examined perturbation theory. In this note, we examine the so-called one-and two-fluid van der Waals (vdWl and vdW2) theories10-13 and the three-fluid theory14 for hard-sphere mixtures.
Hard-sphere mixtures are extremely useful for testing theories of fluid mixtures because of their relative simplicity. However, this usefulness seems not to be fully appreciated. For example, Leland et We consider a binary mixture of N, hard spheres of diameter ala (species 1) and N2 hard spheres of diameter 0a22 (species 2) occupying a volume V. The potential energy of this system consists of a sum of intermolecular potentials, V(ri,. . rN) = Ej U(ai, aj; Rij), (1) ii where ai = 1 or 2 if molecule i is of species 1 It should be kept in mind that the UgA are functions of the xi, p, and 022/0,, as well as oij even though we have not explicitly shown this. We now look for an approximation which will enable us to express this in terms of the properties of one or more pure substances. The most immediate suggestion is 5tsj(oij) = g(u) (5) for all i and j. Thus, 
NkT =1+3~~~~~~~~i
Eq. (6) 
Once a has been chosen, the thermodynamic properties may be calculated from:
where the functions 4 and V/ are determined from the equation of a single-component hard-sphere fluid. It is often asserted that (8) and (9) are equivalent. They are in the sense that they produce the same isotherm. That is, if we solve (8) for p by iterating until it gives the experimental p we obtain the same p that comes directly from substituting the experimental p into (9) and solving for p. In this note we use (8) and (9) in this manner and so we do obtain the same results from either (8) or (9). However, it is common to use (8) and (9) Fig. 1 we have compared the equations of state of a hard-sphere mixture for which U22/U11 = 5/3 computed from (7) and (8) and the Ree-Hoover'6 singlecomponent hard-sphere isotherms with the simulation results.2 The agreement is quite good.
Other possible mixing rules that can be used in place of (7) are:
and a = Exixjeyij = E xffii,
where we have assumed that (3) is satisfied. The results of (10) and (11) when used with (8) and the Ree-Hoover isotherm are plotted in Fig. 1 . Neither (10) nor (11) yields results as good as those obtained from (7). Eqs. (7) and (8) give the vdWl prescription for calculating the properties of a hard-sphere mixture. We shall see that the vdWl theory provides the best agreement with the simulation results. 
Thus, (4) becomes pV 27r
The gej are not the same in the mixture as in the pure fluid. In order that each term in (13) be of pure-fluid form we must assume that gin is the distribution function corresponding to a pure hard-sphere fluid with diameter Ad given by aT3 = Ex .a3 (14) Thus, we have the vdW2 approximation: the equation of state is that of an ideal mixture of two pure-hard-sphere fluids whose diameter is given by (14) .
The question arises as to whether the mixing is at constant density, i.e., A (p)/NkT = xi in xi + E x,(pa3) -3 x i t in ot, (15) or at constant pressure, i.e., G(p)/NkT = xi in xi + E x4(pa3/kT) -3 E xi in as. (16) In the vdWl approximation, we saw that mixing at constant density or at constant pressure gave the same isotherm. This is not the case in the vdW2 approximation. In practice we find that (16) gives better results than (15) . Also p,T are the more natural variables for a theory of mixtures.
Eqs. (14) and (15) [or (16) ] give the vdW2 prescription for calculating the properties of a hard-sphere mixture. In Fig. 2 , the results of the vdW1 and the vdW2 theories for a hard-sphere mixture for which a22/all = 5/3 are compared with the simulation results.2 The constant p version of the vdW2 theory is better than the constant p version, but neither is as good as the vdW1 theory. In Fig. 3 the results of the three-fluid theory for hard-sphere mixtures for which 022/Tall = 5/3 are compared with the simulation results2 and with the vdWl and vdW2 results. The constant p version is better than the constant p version, but neither is as good as are the vdW1 and vdW2 results. Summary. We would like to emphasize that the simulation results are much more useful than the experimental results in assessing the relative merits of theories. For example, all three theories (Fig. 2) are about equally satisfactory in reproducing the experimental results"3" 7 (if E12 is adjusted), whereas comparison with the simulation results for hard-sphere mixtures shows the vdW1 results to be best.
The vdW1 theory is clearly the best of the theories we have considered. In addition, the fact that the vdWl theory introduces no ambiguities between constant pressure and constant density makes it preferable to the other two theories. To our knowledge, this is the first paper to point out the superiority of the vdWl theory.
However, the vdWl theory does not have a fully sound basis. The derivation of the vdW1 theory gives no insight into why the vdW1 theory yields better results than the vdW2 theory. Indeed, the derivation of the vdW2 theory would lead one to expect it to be an improvement over the vdW1 theory. In fact, it is still widely so regarded. But, even if the vdW1 theory cannot be put on a fully sound basis, it is a very useful approach. It is easy to use and gives very good results.
Abbreviation: vdW1 and 2, van der Waals theories (one-and two-fluid, respectively). 
